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Abstract. Let p C ^ C Y he a covering of smooth, projective 

curves with deg(7r) = 2 and deg(g) = n. Let f : X Y he the covering of 
degree 2", where the curve X parametrizes the hftings in C'"' of the fibers 
of 3 : C' — > y . Let P{X, S) he the associated Prym-Tyurin variety, known to 
be isogenous to the Prym variety P{C,C'). Most of the results in the paper 
focus on calculating the polarization type of the restriction of the canonical 
polarization Qjx on P{X,5). We obtain the polarization type when n = 3. 
When y = we conjecture that P{X, S) is isomorphic to the dual of the 
Prym variety P(C, C"). This was known when n = 2, we prove it when n = 3, 
and for arbitrary n if tt : C — > C" is etale. Similar results are obtained for 
some other types of coverings. 



Introduction 

Let W be a finite group which acts on a lattice L. Assume the representation of 
W on Lc = L ®z C is irreducible. Let A G Lq be a nonzero weight, i.e. wX — A £ L 
for every w G W . Suppose f : X ^ Y is a, covering of smooth, projective curves, 
with discriminant locus J), whose monodromy map can be decomposed as 

(0.1) 7ri(r\I),yo) ^ W^— >5(W^A) 

As shown in [K2] one can construct a correspondence in Div{X x X) which induces 
on 

A = Ker{Nmf : JX -> JYf 

an endomorphism 5 satisfying a quadratic equation {5 — 1){5 + q — 1) = 0. The 
construction in [K2j is done in the case Y — W'^ and its extention to the general 
case g{Y) > is immediate. We outline the necessary changes in Section [TJ We let 

P{X,5) = (1 - 5)A 

and call this Abelian variety the Prym- Tyurin variety associated with the covering 
f:X^Y. 

Choosing another weight A', one has another permutation representation 
W ^(W^A'). Composing with m : tti{Y \ D,yo) — > W and applying Riemann's 
Existence Theorem one obtains another covering p : C ~~> Y , a correspondence in 
Div{C X C), an induced endomorphism i and a Prym-Tyurin variety P{C,i). It is 
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known that P{X, 6) and P{C, i) are isogenous. This can be proved by the same ar- 
guments as in the case Y — P-^ (see jK2| . Section 6), we give an outhne in Section [U 
or using generahzed Prym varieties associated to Galois coverings (see fD2'). 

Let Qjx and Ojc be the restrictions of the canonical polarizations of JX and JC 
to P{X,S) and P{C,i) respectively. A natural question is: what is the connection 
between the polarization types of Qjx and Qjc- Are there simple formulas by 
which, if one knows the polarization type associated with a given weight, one can 
calculate the polarization type associated with every other weight? 

In all cases studied in the paper is a Weyl group of an irreducible root system 
R. Here the weights are the usual weights associated with irrreducible representa- 
tions of the corresponding complex simple Lie algebras. 

The relation between P{C, i) and P{X, 6) has been so far studied mainly when 
the restricted polarizations Qjc and Ojx are multiples of principal polarizations. 
In this case usually P{C, i) and P{X, S) are isomorphic as principally polarized 
Abelian varieties. For instance Recillas' construction |Rej corresponds to y = P^, 
W = W{R) where i? is a root system of type A3, X' = uji, X = uj2- Here uji,uj2 
are the fundamental weights of the root system R according to the enumeration 
in [B]. Similarly Donagi's tetragonal construction corresponds to F = P^, W = 
Wi^D^), X' = uji, X = ujs or X = LU4. These two constructions were generalized 
in [Kl], when Y = P'^, to W = W{An), X' ^ uji, X ^ ujk,2 < k < n - 1 and 
W = W{Dn), X' — uji, X = uJn-i or A = w„. In the first case one obtains Prym- 
Tyurin varieties isomorphic to Jacobians, in the second one Prym-Tyurin varieties 
isomorphic to Prym varieties. 

The paper [Pa] deals with non-principally polarized Prym varieties. Starting 
from a double ramified covering tt : C — > C" of a hyperelliptic curve C", Pantazis 
constructs another double ramified covering tt' : AT — > A"' of a hyperelliptic curve 
A' and proves that the Prym variety f (A, A') is isomorphic to the dual P(C, C). 
In our set-up this corresponds to y = P-^, W = W{B2), A' = Wi, A = U2- 

Most of our results focus on the case W — W{Bn), X' — u)i, X = LOn- The 
fundamental weight LOn is the dominant weight of the spinor representation of the 
Lie algebra so{2n -I- 1), so we call it the spinor weight. Here the relation between 
the coverings p : C ^ Y and f : X Y may be described geometrically by 
the n-gonal construction |Dlj . Start with a covering p : C C — ^ Y , where 
deg(7r) = 2, deg(5) = n. Consider the embedding g* : Y ^ C"^"-\ Let Z be the 
curve defined by the cartesian diagram 

Z > c(") 

1 ^ 1-"' 
Y ^' > C"(") 

The points of Z parametrize the liftings of points of g*{Y) in C*^"^. Then A is 
the desingularization of Z and / : A — > F is the associated covering of degree 2". 
The two isogenous Prym-Tyurin varieties here are the Prym variety P(C, C") and 
P(A, 5), where S : JX ^ JX satisfies the equation (^U - 1)((5|a + 2""! - 1) = 
when restricted on A = Ker{Nmf : JX JF)°. We prove the following theorem 
in Section 4. 
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Theorem 1. Let p : C ^ C ^ ¥^ he a covering with deg(7r) — 2, deg{g) = n. 
Let P = P{X,5), P' = P{C,C') and let Ep,Ep. he the Riemann forms of the 
polarizations Qjx\p, ©jcIp' respectively. Let (di, . . . ,dp) be the polarization type 
o/Bjc|p'- There exists a canonical isogeny ii : P' P such that 

2n— 1 

fi*Ep = Epi 
didp 

where P' , EJpr are respectively the dual of P{C, C) and the Riemann form of the 
dual polarization. 

Every covering p : C C — ^ Y with deg(7r) = 2 and deg{g) = n has 
monodromy group contained in W{Bn) C S2n- We say it is a simply ramified 
covering of type i?„ if all local monodromies are reflections in W{Bn). The branch 
locus of such a covering is decomposed asJ) = S)sUJ)f according to the type of 
reflections: with respect to short roots; or with respect to long roots. One has that 
g : C" — > y is simply ramified in D^, tt : C — > C" is branched in 1X1^1 points and 
7r{Discr{C C')) = Ifs- We conjecture the following statement holds. 

Conjecture. Assume p : C — ^ C" — ^ is a simply ramified covering of type 
Bn- Then the isogeny /j, : P{C,C') P{X,6) is an isomorphism. 

A positive answer to the conjecture would give the polarization type of 
0jx|p(x.(5)- When n = 2 the statement of the conjecture is known to be true 
and is due to Pantasis |Pa| . We give further evidence verifying it when n = 3 (see 
Theorem 15. ip , as well as when n is arbitrary and tt : C ^ C" is etale (Proposi- 
tion [46]). When W — W{B3), X' — lui, X — oj^, we obtain the polarization type of 
&jx\p{x,5) proving in Section [5] the following result. 

Theorem 2. Let p : C C — ^ Y , with n and g ramified of degrees 2 and 
3 respectively, be a simply ramified covering of type B^. Let f : X Y be the 
covering of degree 8 obtained by the 3-gonal construction and let P{X, S) he the 
Prym-Tyurin variety. Then the polarization types of Qjc\p{c,C") '"^'^ Qjx\p{x.S) 
are respectively 

(1^_^, 2_^ ,2^_^) 

i|S«|+2g(Y)-2 g{Y) 
( 2_^ ,4_^,8__^) 

i|Z)f|+2(,(F)-2 g{Y) 

IfY9:i¥\ then P{X,S) is isomorphic to the dual of P{C,C'). 

Assuming C ^ in Theorem 2 we obtain a new family of principally polarized 
Prym-Tyurin varieties. They have exponent 4 and are isomorphic to hyperelliptic 
Jacobians (Corollary 15. 9p . 



The contents of the paper are as follows. Section[T]contains preliminary material. 



n 



In Section [2] wc study coverings p : C — <■ C — <■ Y with deg(7r) — 2,deg(g) 
with the emphasis on their connection with root systems of type i?„. We calculate 
the possible monodromy groups of the simply ramified coverings of type Bn under 
some restrictions. Applying the general constructions of Section [T] we associate 
to a given covering p : C C — ^ Y of type Bn and the spinor weight a 
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covering f : X ^ Y oi degree 2", define and study canonical correspondences in 
Div{X X C) and identify X with the n-gonal construction |D1| . Section [3] contains 
some results about P{X,S) valid for every n. In Section 0] we recall the definition 
of dual Abelian variety and dual polarization, prove a criterion which relates the 
Riemann forms of isogenous Prym-Tyurin varieties, give a proof of Theorem 1 and 
verify the isomorphism /i : P(C, C") P{X,6) when tt : C ^ C" is etale. In 
Section [5] we study coverings associated with Weyl groups of root systems of rank 
< 3. We give a new and simpler proof of Pantazis' result {W = W{B2))- We briefly 
discuss the simple case W — WiA^), the Recillas' construction. We give a proof 
of Theorem 2, and finally make explicit calculation of the Prym-Tyurin varieties 
and the polarization types when the monodromy group is contained in W{D3). 
In Section E] we study the cases W = W{B4) and W = W{D4). We cannot say 
much about the polarization types, however we include some relation between the 
Abelian varieties involved. 

Notation. Let X = V/A and X' = V'/A' be complex tori, li f : X ^ X' is a 
homomorphism, we denote by f : V V' the unique C-linear map with /(A) C A' 
inducing /. Identifying V and V' with the tangent spaces TqX and TqX' we 
have that / equals the differential df at 0. Furthermore, identifying A and A' 
with the homology groups Hi{X,Z) and Hi{X',Z) respectively, one has that /|a 
equals the induced homomorphism on homology. Similarly f : V V and 
/* : Hi{X,M.) Hi{X',R) are the same maps if we make the identification of V 
and V with Hi{X,M.) and iJi(A',R) respectively as real vector spaces. 

1. Prym-Tyurin varieties 

1.1. Let K'^ = ©f^iMe,, R'' = ©|=iM/,-. Let be a finite group and let W 
GL{M.'^) and W — > GL{M.'^) be linear permutation representations, such that W 
acts transitively on both {ei, . . . , Cd} and {/i, . . . , /e}. Let A — {oij) be a d x e 
matrix with integer entries and let S : M.'^ — > be the linear map given by 

e 

Let T : R'' R^ Ti : R'^ -> R'^ and T2 : R'^ -> W be hnear maps which in the bases 
{ei}, {fj} have matrices with all entries equal to 1. We denote by 'S* : R"^ ^ R'' 
and *r : R'^ R'^ the linear maps with transposed matrices. 

Lemma 1.2. Suppose S is W -equivariant. Then there exist integers a,b ^"L such 
that 

(i) ■ S ^^S -T ^aTi, 

(ii) T -^S = S -^T = bT2. 

Proof. 

d e d e 

i=i j=i 1=1 ]=i 

Let w ^W. One has 

d d d e 

i—1 i—1 i—1 i— 1 
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Since W acts transitively on {fj} we conclude that bi = ■ ■ ■ = be = b. So, S -^T — 
6T2. Transposing we obtain S — bT2. This proves (ii). The proof of (i) is similar 
considering *S{fj) — (^ij^i- O'^o has a = X]j=i ^ij f^'' every i. □ 

1.3. Let VF, {ei}, {fj} and S be as in i jl.ll Suppose C, X and F are smooth, 
projective curves, F is irreducible (but C and X might be reducible). Let 

f -.X and p:C ->Y 

be coverings of degrees d and e respectively which are not branched in y \ £). Let 
j/o S 5^ \ S)- Suppose the monodromy maps of / and p can be decomposed as 

^i(r\S),2/o) ™ VK^5d and ^i(y \ S), 2/0) ™ ^ 5^, 

where W acts transitively on {ei, . . . , e^} and {/i, . . . , /e} as in [JTTTJ 

A W^-equivariant linear map S as in i jl.ll induces a correspondence, which abusing 
notation, we denote again by S. It is defined as follows. Fix bijections f~^{yo) 
{ei, . . . , Cd} and p~^{yo) {/i, ■ ■ • , fe}- If y eY\D, choose a path 7 in F \ D 
which connects y with j/o- Enumerate the points of the fibers over y using covering 
honiotopy along 7, so f~^{y) = {xi, . . . , Xd} and p~^{y) = {zi, . . . , Ze}- Then 

e 

S{xi) — ^ ^ a Zj , S(zj) = ^ ^^ a^jXi 
j=i 1=1 

Let T G i?TO(X X C), Ti G i:)w(X x X) and T2 e Dii;(C x C) be the trace 
correspondences 

P*{f{x)), T^{x) ^ rifix)), T2^p*{p{x)). 

*ro5==*5or = (deg5)ri 

To*5 = 5'o*r= (deg*5)T2 
Lemma 1.4. Let 

A = Ker{Nmf : JX ^ jy)°, S = Ker{Nmp : JC JYf. 

Then the endomorphism s : JX JC induced by the corespondence S transforms 
A into B and f*{JY) into p*{JY). 

Proof Let y e y and z G p^^iy). Using one has S{f*{y)) = S{*T{z)) = 

ideg'S)T2{z) = {deg'S)p*{y). So s{f*{JY)) C p*JY. If x G X and y = f{x), 
then /*iVmp(S'(a;)) = *r(5(a;)) = (deg5)/*(/(x)), so for every u e JX one has 
f*Nmp{s{u)) = {degS)f*Nmf{u). This implies s{A) C B since f* : JY JX 
has finite kernel and A = Ker{Nmf)'^ is connected. □ 

1.5. Let W^, L, A G Lq, A 0, / : X ^ F be as in the introduction. We assume Y is 
irreducible. Let WX ~ {Ai, . . . , A^}. Let ( | ) be a symmetric, W^-invariant, negative 
definite bilinear form such that (wA — A|A) G Z for Vw G W. The construction in 
|K2] . Section 4 yields a lattice N{R,\) = L Z, an action of on N{R,X), a 
symmetric bilinear W^-invariant form ( , ) on N{R, A), which extends ( | ), an orbit 
W{1) — {£1, . . . ,£d} C N{R, A) and a M^-equivariant bijection li ^ Ai. One has 



r(x) = 

Lemma 11.21 yields 
(1.1) 



(1.2) 
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and the following properties hold: £ (4,4) — —1 and {£i,(ij) > for 

i ^ j. Let E e GLd{M.) be the identity. One considers the VF-equivariant linear 
map G = D - E ■.R'^ ^R'^ given by 

d 

i=i 

One defines a correspondence D — A E Div{X x X) as in i il.3l Here A is the 
diagonal. Let A = Ker{Nmf : JX JYf. 

Proposition 1.6. The endomorphism 5 : JX JX induced by D leaves invariant 
A and f*(JY). The restriction d\A ■ A ^ A satisfies the quadratic equation 

iS\A-l){S\A + q~l)^0, 

where q, the exponent of the correspondence, is the integer 

q = -d{X\X)/rk{L). 

Furthermore q > I and q — 1 if and only if D — 0. 

Proof. This follows from Lemma FOl the equality G{G + qE) = mT proved in |K2| . 
Proposition 5.3 and the argument of |K2j . §5.4. □ 

Lemma FOl and Proposition II .61 show that the differential of 5 at 

d5 : Tq{JX) Tq{JX) 

can be diagonalized and has eigenvalues degl?,l,f — q with eigenspaces which 
correspond to the Abelian subvarieties f*{JY), {S + q — 1)A, (1 — 6) A respectively. 

Definition 1.7. We let P{X, 6) — {I — 6) A and call this Abelian variety the Prym- 
Tyurin variety associated with the covering f : X Y . 

Remark 1.8. We notice that the choice of the W^-invariant bilinear form ( | ) is 
irrelevant for the definition of the Prym-Tyurin variety. Indeed, multiplying ( | ) 
by an integer k one changes G to G" = kG + (fc — 1)T, so 1 — S'\a = k{l — S\a) and 
therefore the Prym-Tyurin variety remains the same. 

1.9. Given the set-up of namely a covering f : X —> Y whose monodromy 
map can be decomposed as tti {Y \ D,yo) ^ W ^ S{WX), let us choose another 
VF-orbit of weights WX' — {X'l, . . . , X'^} C Lq. One associates with 7ri(y \D, yo) ^ 
W S{WX') a covering f : X' ^ Y. Let 

P CA and P' cA' = Ker{Nmf, : JX' JYf 

be the two Prym-Tyurin varieties. 



PRYM-TYURIN VARIETIES 



7 



Proposition 1.10. The Abelian varieties P and P' are isogenous. 

Proof. This is proved when F = in [K2] . Section 6. The proof for arbitrary Y is 
essentially the same, so we only sketch it, referring for details to [K2| . One chooses 
an appropriate M^- invariant bilinear form ( | ) on L, constructs a lattice N D L, 
an action of W on N, a. W^-invariant, integer- valued, bilinear form B on N, such 
that B\l = ( I ), and two VF-orbits {ii, . . . , id} and {mi, . . . , nie} in N which are 
VF-equivariantly bijective to WX and WX' respectively. One considers the linear 
map S" : M"^ -> M'^ given by 

e 

S{e,) = Y,B{e,.m,)f, 
i=i 

This is a W-equivariant linear map and one employs it to construct a correspon- 
dence S e Div{X X X') as in §1.31 By Lemma [1.41 it induces an endomorphism 
s : A ^ A' and similarly *S induces *s : A' ^ A. By Remark 11.81 we may use the 
chosen common ( | ) in order to calculate P and P'. Let G,G' ,6, 6' , q and q' be 
the corresponding data as in m.5\ and Proposition 11.61 The following equalities of 
linear maps are verified in the course of the proof of Theorem 6.5 of |K2j : 

(1.3) iG' + q'E)-S^ciT, S-{G + qE)^C2T 

for some Ci,C2 G Z. Transposing and passing to correspondences and homomor- 
phisms this implies that 

s{A)cP\ s{{S + q-l)A)=0 

(14) 

^ ' *s{A')cP, *s((5' + (7'-l)A') =0 



One has by [K2| . Lemma 6.5.1 that 

(1.5) ■ S = -q'G + diTi, S -'S = -qG' + d2T2 

for some di, ^2 S 2- Passing to correspondences and induces homomorphisms of A 
and A' this implies 

(1.6) *SOS = q'{l-S\A), S0\8 = q{l~5'\A') 

Restricting to P and P' one obtains 

(1.7) *s o s\p — qq' ■ idp, s o *s|p/ = qq' ■ idp' 

So s\p : P ^ P' and *s|p' : P' ^ P are isogenies. □ 

2. Coverings of type Bn 

2.1. Let us consider a real vector space M.^ with basis 61, ... , and a cup product 
(ej|efe) = 5jk- Denote by R the set 

R = {±ej|j = 1, ... ,71} U {±ej ± ek\l < j < k < n} = Rs U Re 

This is a root system of type Bn with Rs the set of short roots and Rg the set of 
long roots. For every a S i? let : K" — > K" be the reflection Sa{x) — x — '^^}^ot. 
Then Sa{R) = R- The finite group W generated by Sa, « G i? is the Weyl group of 
type Bn ■ The set of long roots Ri is a root system of type Z?„ and the reflections 
with respect to long roots generate a subgroup of index 2 in W . We will usually 
denote the two Weyl groups by W{Bn) and W{Dn)- 
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Consider the orbit Wei = Rs — {ei, — ei, ■ • ■ , Cn, — Acting on this set, the 
Weyl group W{Bn) is identified with the permutation subgroup of S{Wei) con- 
sisting of permutations which commute with —id (cf [B]). Each reflection s^^ acts 
as a transposition: ej <-> —ej and each reflection Se^ie^ acts as a product of two 
independant transpositions. 

Let W — W{Bn). Let F be a smooth, projective, irreducible curve. Let D C Y 
be a finite subset and let yo be a point in F \ J). Let m : 7Ti{Y \ !5),?;o) ^ be 
a homomorphism. Composing with W ^ S(Wei) = 5*271 and applying Ricmann's 
existence theorem one obtains a covering p : C —y Y of degree 2n whose monodromy 
map decomposes as 

(2.1) 7Ti{Y\^,yo) ^ S2n 

It is convenient to denote e_j — —ej and consider S2n as the permutation group on 
the elements {1, —1, . . . ,n, —n}. Since the elements of W commute with —id, the 
curve C is equipped with an involution i : C ^ C . Let C = C ji and let tt : C — > C" 
be the quotient map. One obtains the following decomposition of -p 

(2.2) v.C ^Y. 

Conversely, suppose a morphism p : C ^ y of smooth, projective curves, can 
be decomposed as C C —^ Y with degTr = 2, degg = n. Assume Y is 
irreducible. Let z : C ^ C be the involution with n o i — tt. Let 2) be the 
discriminant locus of p, let yo G y \ 2D and let p^^{ya) = {xi, x'j^, . . . , a;„, x^} 
where x'f. = i{xk)- Denoting x-j = x'^ and identifying Xj with ej, and X-j with 
—ej = e_j, j = 1, . . . , n, we see that the monodromy map iviiY \ 2), yg) S2n can 
be decomposed as in (|2.H) . 

We call, for easier reference, a covering p : C C — ^ Y with deg tt = 2 a 
covering of type Bn, or shortly a Bn-covering. It has simple ramification of type 
Bn at a point 6 G 2), if the local monodromy at 6 is a refiection in W{Bn). If this 
is a reflection Sa with a E Ri (a, long root), then g : C Y is simply ramified 
at b, i.e. |g~"'^(6)| = n — 1, and tt : C — > C" is unramified at g^^{b). If a G i?<; (a 
short root), then g is unramified at b and tt has one branch point among g^^{b). 
We say a ramified covering p : C — > y, which can be decomposed as in (|2.2p . 
is a simply ramified Bn-covering if it has simple ramification of type _B„ at all 
discriminant points. In this case we denote by 2) = 2Ds U D{ the corresponding 
splitting. It is clear that p : C — ^ C" — ^ y is a simply ramified _B„-covering 
if and only if the covering g : C —* Y is either unramified, or simply ramified, 
g{Discr{C — > C")) n Discr{C' ^ y) = 0, and no two discriminant points of tt 
belong to the same fiber of g. 

The ordinary simply ramified coverings / : A — > y of degree n, where the local 
monodromies are transpositions, may be considered as simply ramified coverings of 
type An~\, since VF(^„_i) = Sn- A simply ramified i3„-covering p : C C 
Y is an ordinary simply ramified covering if and only if 2)^ = 0, i.e. g : C" Y is 
etale. 

2.2. Given m : tti{Y yo) W and p : C ^ y as above, one calculates, using 
()1.2p . that the correspondence associated with L — Q{R), Wei — {e±j\j — 1, . . . ,n} 
and (ej|efe) = ~^jk is obtained from the linear map D{ij) = £^j, j G [—n,n]. 
Therefore this correspondence is the graph of the involution i : C —^ C. Here 



PRYM-TYURIN VARIETIES 



9 



{l-i)JC C A, where A = Ker{Nmp)^ , so P(C, i) = (1 - i)A is the ordinary Prym 
variety P(C, C). 

2.3. Let p : C — ^ C F be a covering with degTr = 2 and irreducible C. 
We want to calculate the monodromy group oi p : C ^ Y in case this is a simply 
ramified i?„-covering. This is equivalent to calculating the Galois group of the field 
extension C(Y) C where K is the Galois hull of C(C) over C(Y). 

Let us first recall some facts about ordinary coverings. Let f : X ^ Y he a 
covering of smooth curves of degree n. The curve Y is assumed irreducible. Let 
G C Sn he the monodromy group. The irreducibility of X is equivalent to the 
transitivity of G. Let us recall (see |Wi| ) that a transitive subgroup of Sn is called 
imprimitive if there is a a subset <I> C 1 < |$| < n, such that for 

every g E G one has either = <&, or g{^) n $ = 0. A transitive group is called 
primitive if it is not imprimitive. It is clear that the monodromy group oi f : X —*Y 
is imprimitive if and only if there is a nontrivial decomposition / : X — > Xi — )■ Y 
. We call a covering of smooth, irreducible curves f : X ^ Y primitive if no 
such decomposition exists, li f : X ^ Y has simple ramification, then for any 
decomposition X ^ Xi ^ Y with deg{X — > Xi) > 1 the covering Xi — > Y must 
be etale. So, for a simply ramified covering of smooth irreducible curves f : X Y 
primitivity is equivalent to the surjectivity of /* : 7ri(X, *) —>■ t:i(Y, *). 

It is shown in ^BEj, Lemma 2.4 that a primitive subgroup of Sn which contains 
a transposition equals Sn- So, if / : X ^ F is a primitive covering of degree n with 
at least one simple branching, then the monodromy group is Sn- 

2.4. Using the notation of H2.1\ let aj — {ej, —ej} and denote S = {ai, . . . ,a„}. 
Every element of W{Bn) induces a permutation of S. One obtains the following 
exact sequence. 

(2.3) ^ G2 ^ W{Bn) -^Sn^O 

where G2 = (Z/2Z)" is the subgroup generated by the reflections s^^ , j = 1, . . . , 71. 
Let Gi be the subgroup generated by s^.-e-,l < i < j < n. It maps isomor- 
phically to Sn, so W{Bn) is a semidirect product of Gi and G2- Furthermore 
Gi has two orbits when acting on {±ej|j — Ei — {ei,...,e„} and 

E2 — {— ei, ■ • • , — En}- The conjugates of Gi map surjectively to Sn in (|2.3p . 
Two other subgroups of W{Bn) which have the same property are: W{Bn) it- 
self; the group W{Dn) generated by the reflections with respect to long roots 
{sg^. ± Efejl < j < k < n}. The conjugates of the group of the next lemma is 
another example. 

Lemma 2.5. Let a ~ —id G W{Bn)- Let G — Ny^ri^g^-j{Gi) be the normalizer of 
Gi- Then G = Gi U Giu. The group G acts transitively on {±ej\j = 1, . . . , n} and 
if n > 3 the only reflections which belong to G are {s^.^^i^\l < j < k < n}. 

Proof- Let g G 7Vvi/(i3„) (^i)- '^'^^^^'^ ff(^i) = ^i^9{^2) = ^2 or .g(Si) = 

£2,(7(^2) = Si. In the first case 5 e Gi. In the second g G Giu. If n > 3 no 
reflection can satisfy Sa(Ei) — S2, hence the reflections which belong to Gi are 
Sej-ckA < j < k <n. □ 

Lemma 2.6. Let G C W{Bn) be a subgroup, which contains a reflection with 
respect to a long root, and the image of G in Sn is a primitive group. Then one of 
the following alternatives holds. 
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(iv) G — wGiw ^ for some w £ W{Bn). 

Furthermore G is transitive only in cases (i) - (iii) and in cases (iii) and (iv) the 
set of reflections in G equals w{s^^_^i, \ i < j < k < n}w~^. 

Proof. The image G of G in Sn is a primitive subgroup which contains a transposi- 
tion. So, G = 5'n by [BE) . Lemma 2.4. By hypothesis G contains some Sq, a G Re. 
Let wi G W{Bn),wi{a) = ei — £2- Substituting G by wiGw^^ we may assume 
that Sei_e2 G G. Let /i G S'„ be a permutation with h{l) — 2,h(2) — 3. Let 
g & G, g = h. Then gs^-^^-^^g~^ is either s^^-i^i or Sgj+cg. If the latter case occurs 
we replace G by s^^Gs^^ and obtain S£2-€3 S G. Repeating this argument with 
(34), (45) etc. we obtain that replacing G by some wGw~^ we may assume that 
G D (scj_c2 , . . . , Sc„_j_e„) = Gi. Suppose G contains the pair s^i-e^, Se^+Cj for 
some i ^ j. Let 1 < fc < £ < n. Let g G G be an element such that the permuta- 
tion g G Sn transforms i ^ k,j ^ £. Then g{se^^^^, s^^+e^js^^ = [sck-eei Sck+eA- 
Therefore G contains sp for G Re- Hence G = W^(B„) or G = VF(L'„). If no 
pair {sc;-£j, Se.+e^} is contained in G, then the only reflections contained in G are 
{s^i-ej |1 < * < i < "■}• Hence if g G G, then for Vi 7^ j one has gsei-ejg~^ — Set,-et 
for some k ^ i. Therefore G C iVn'(B^)(Gi). Since | A^vi'(b^) (Gi) : Gi| = 2 one has 
that either G = Gi or G = iVvi/(B„)(Gi). If n = 2, then iV(B2)(Gi) = 14^(1)2). If 
n > 3 we apply Lemma 12.51 □ 



Proposition 2.7. Let p : C ^ C' ^ Y he a B^ -covering with irreducible G. 
Suppose g : C' Y is primitive (cf. ^2.cl\) . Furthermore suppose that g : G' Y 
is ramified, in one of the branch points b G 'S CI Y it is simply ramified and n is 
unramified in g~^{b). Then either G = W{B„), or G — W{D„), or G is conjugated 
to NiY{Bn)i^i) ''^ case n > 3. The latter case happens if and only if p : G ^Y fits 
into a commutative diagram 



(2.4) 



G 




G' 



Y 




Y 



where h : Y ^ Y is a covering of degree 2. 



Proof. The possible alternatives for G follow from Lemma l2.6l In case (iii), renum- 
bering the fiber p~^{yo), one may assume G — iViy(3^)(Gi). Then one has a 
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commutative diagram of C?-equivariant maps 

(2.5) {±ej|l<J<n} 



{aj\l <j<n} 



{Sl,S2} 



This yields (|2.4p . Viceversa, suppose (|2.4p holds for some f : C Y and h : Y ^ 
Y. Let T : Y ^ Y he the involution such that h o t — h. For every x e C one 
has /i o f{x) ^ h o f{i x) since h o f ~ g o n. It is impossible that /(i x) = f{x) for 
Vx G C, since this would imply a decomposition C" ^ y — > y, while by hypothesis 
C" — > K is primitive. Therefore f{ix) = Tf(x). Now, one can number the points 
of p~^(yo) so that a diagram (j2.5p . with maps commuting with the monodromy 
action, takes place. Hence G is conjugated to N^r(^B^-j(Gi). □ 

When 5 : C" ^ y is simply ramified, primitivity is equivalent to the surjectivity 
of : 7ri(C", *) T^iiY, *). So, we obtain the following corollary. 

Corollary 2.8. Let p : C C — ^ Y be a simply ramified Bn-covering with 
irreducible C. Assume : 7ri(C",*) tti{Y,^) is surjective. Let G with G C 
W{Bn) C S2n be the monodromy group of the covering p : C ~>Y . 
IfDs^%, thenG^W{Bn). 

IfT)s ~ 0, then one of the following alternatives holds: either G — W{Bn); or 
G = W{Dn); or G is conjugate to -/Vvi/(b„) (Gi) in case n >3. The latter alternative 
holds if and only if p : C C' Y fits into a commutative diagram (|2.4p with 
Stale Y ~-*Y. 

Proof. Di ^ % since otherwise g^ : 7ri(C",*) 7ri(Y,*) would not be surjective. 
The subgroups W{Dn) and Nyi/(^g^-^{Gi) do not contain reflections with respect 
to short roots s^., so only G — W{Bn) is possible if Ds ^ 0- Let !Ds = 0. By 
Lemma [2751 the reflections which belong to -/V^(^^^)(Gi) do not interchange Ei and 
S2. Therefore, if G is conjugate to 7V^^(5^')(Gi), the covering Y ^Y \s etale. □ 

Corollary 2.9. Let p : G G' be a simply ramified Bn-covering with 

irreducible G. Let G C W{Bn) C S2n be the monodromy group of p : C — > P^. 
IfDs ^ 0, then G = iy(B„). //D, = 0, then G = W{Dn). 

Remark 2.10. We notice that when g{Y) > 1 the monodromy group of p : C 
G' Y might very well be W{Bn), even when tt : C ^ C" is etale. The 
fundamental group 7ri(F\!D, ?/o) is generated by 71, . . . , 7„, ai, Pi, . . . , Ug, (3g, where 
71, . . . , 7„ are homotopy classes of loops encircling the branch points of p : C ^ F, 
with the only relation 

(2.6) li---ln = [ai,/3i] • • ■ [ag,Pg\. 

When TT : C ^ C" is etale the monodromy map m : 7ri(y yo) W{Bn) has the 
property that 771(7^) G W{Dn) for Vi = 1, . . . , n (cf. [KS], pp. 179, 180), but the only 
restriction for m{aj),m{Pj) G W{Bn) comes from the relation (|2.6|) . Reversing 
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and applying Ricmann's existence theorem it is easy to construct, when g(Y) > 1, 
coverings of type i?„ with etale tt : C ^ C and fuU monodromy group W{Bn). 

Definition 2.11. Let p : C C y be a covering with deg(7r) = 2 and 
irreducible C. We say it is a simple Bn-covering if: 

(i) p is simply ramified _B„-covering and both tt and g are ramified; 

(ii) g : C" — > F is primitive, or equivalently g^, : 7ri(C", *) tti(Y, *) is surjec- 
tive; 

Remark 2.12. Notice that if deg(g) is prime, then g : C ^ Y is primitive. So 
in this case the simply ramified i3„-coverings with Dg ^ 9 and 2)^ 7^ are simple 
i3„- coverings. The same statement holds when deg{g) is arbitrary and Y = ¥^. By 
CoroUarv 12.81 everv simple i3„-covering has full monodromy group W{Bn). 

2.13. The short root ei is the fundamental weight uji of the root system R of type 
Bn (cf. [B]). Let us consider the fundamental weight w„ = ^(ei + • • • + £«)■ This 
is the dominant weight of the spinor representation of the Lie algebra so(2n + 1). 
We call ojn the spinor weight. One has 

(2.7) Wcj,, = {A^ - i(^ - I ^ C {1, . . . , n}} 

Let m : 7ri(y \ S,yo) ~^ W C S2n be the monodromy map of the covering p : 
C ^ C' ^ Y as in H2.ll Composing m with the permutation representation 
W — > S{Wujn) and applying Ricmann's existence theorem one obtains a smooth, 
projective curve X and a covering f : X ^ Y oi degree 2". Let us fix a bijection 
f~^{yo) ~^ Wu!n. If y S y \ S and 7 is a path in F \ £) which connects y with 
Uq, one enumerates the points of f^^{y) using covering homotopy along 7 and the 
fixed bijection. Thus f~^{y) — {xa\A C {1, . . . ,n}} in correspondence with (|2.7p . 

Calculating the action of and s^^±f^ on Wlj^ one obtains that if p : C — ^ 
C — ^ y is a simply ramified i3„-covering, then the local monodromy of f : X Y 
is a product of 2"~^ independent transpositions at a point b E Tig and a product 
of 2"~^ independent transpositions at a point 6 G 2)^ . 

One calculates a correspondence D as in HI. 51 letting L = Q{R) = (S>'j^il'£j , 
{ej\ek) = —"^Sjk and A = cj„. It is shown in {K2j . Section 8.8 that one has for D 
the formula 

(2.8) D{xa) = i\A\ + \B\ - 2\A n B\ - 1)xb 

B^A 

and furthermore q = 2"-^ and degD = 2"-i(n - 2) + 1. Let 5 : JX ^ JX be the 
endomorphism induced by D, let 

A = Ker{Nmf : JX -> JYf and P{X, 5) ^ {I - 5) A. 

Applying Proposition 1 1 . 1 01 to W — W{Bn), A = u;„ and A' = wi, one obtains that 
P{X,5) and P{C,i) — P{C,C') are isogenous. In the next paragraph we want to 
describe this isogeny more explicitely. 

2.14. The correspondence S S Div{X x C) which establishes the isogeny between 
P(X, S) and P(C, C") is constructed in [K2], Section 8.8. We recall this briefly. One 
considers the bilinear form {ej\€k) = —25jk- Here 
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One has 

S{eA) = 25o(eyi) + riT{eA) 

where 

n 

jeA ]=i 

Since S* and T are VF-equivariant, so is Sq. The construction of SJO] yields corre- 
spondences in Div{X x C), which abusing notation we denote again by S, So and 
T. One has for every y e Y\D that /"^(y) = {za\A C {1, . . . _p"^(y) ^ 

{xj,x'j\j — l,...,n}, with x'j — i{xj) :~ x-j, and S{za) = 2So{za) + nT{zA), 
where 

So{za) = ^x'j + E^J' '^(^a) ^P*{.f(zA))- 
Replacing S by — S* one has ~S{za) — 2Si{za) — {n + l)r(z^), where 

Si{za) = + E^J 

We may use the correspondence in order to fit the covering f : X ^ Y into the 
following commutative diagram: 

X -^-^^ 

(2.9) 

Y ^' > C"(") 

Here g* denotes the map associating to a point y E Y the whole fibre g~^{y) 
considered as a point of the rt-fold symmetric product C"^"^ of C". It is clear that 
Si : X ^ C^"^ is generically injective. We will later need some properties of 
which we now prove. 

Lemma 2.15. Let so : JX — )■ JC and *so '■ JC JX be the homomorphisms 
induced by So and ^Sq respectively. Let Ti G Div(X x X), T g Div{X x C) and 
T2 G Div{C X C) be the trace correspondences (cf. §_/.g|) . Then 

(i) So and *so induce homomorphisms so ■ Ker{NmfY' — > P{C,C'), *so : 
Js:er(Afmp)0 ^ and isogenics sq : PiXJ) P{C,C'), *so : 

P(C,C") -> P{X,S), such that *soSo|p(x.i) = 2""^idp(x_,) , *o*soU(c,c') = 

^ ''"■P(C.C') 

ill) 'So{So(za)) ^za- D{za) + (n- 1)Ti{za) for VA C {1, . . . , n} 
(iii) So{'So{xk)) = T'-\xk ~ i{xk)) + T'-^T2{xk) for^k e [-n,n] 

Proof. Part (i) follows from Proposition 11.101 and its proof, observing that s = 
2so, *s = 2*So. All the correspondences are obtained from linear maps as in ijl.31 
so (abusing notation) we need to verify the following equalities of linear maps: 

*So-So^E-D + {n- l)Ti, ^0 • 'So - T'^E - /) + 2''-^T2 

where / is the involution /(/fc) = f-k and E is the identity map. We use |K2j . 
Lemma 6.5.1 (we notice that the identity map is denoted by / in that paper). The 
data W{Bn),L = ©"^^Ze^-jA = w„ and (cjlcfe) = -2Sjk yields G — D — E and 
q = 2"-i. The data W{Bn),L = ®]=i'Lej,\' = ^i and (ej|efc) = -25jk yields 
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G' = 2{I - E) +T2 and q' = 4(cf. [K2],§8.8.1 and §4.7). According to [K2] . 
Lemma 6.5.1 one has 

'S-S= -q'G + diTi = 4{E -D) + d^Ti 

Replacing S by 2S'o + nT and using Lemma 11.21 one obtains 

The degrees of the correspondences Sq, *S'o, D ~ E and Ti are n, 2"~^, 
2'^~^{n — 2) and 2" respectively. Therefore /i = n — 1 and EquaUty (ii) is verified. 
Equality (iii) is proved similarly using S ■ *S = —qC + ^272- O 

3. Some results for arbitrary n 

3.1. Let the situation be as in §2.11 So p : C ^ Y with decomposition ()2.2p 
denotes a covering of type _B„. Assume moreover that p is a simple -B„-covering. 
In particular C is an irreducible curve. According to §2.1I Hurwitz formula gives 

5(C") = ^ + MY) -n+1, g{C) = ^ + + 2ng{Y) - 2n + 1. 
Hence the Prym variety P(C, C) of the covering tt : C C" is of dimension 

(3.1) dimP(C, C) ^ g{C') + ^ - 1 - ^^^-^ + ng{Y) - n. 

Consider the covering f : X ^ Y defined in i j2.13l The curve X is smooth by 
construction. It is connected, and therefore irreducible, because by Corollarv 12.81 
the monodromy group of p : C — > y is W{Bn) C S'2ii and therefore the monodromy 
group of f : X ~> Y is SL transitive subgroup of . Since the covering / is of 
degree 2", we obtain 

(3.2) g{X) = 2"-2|£|^| ^ 2"-^|I),| + T'g{Y) - 2" + 1. 

Counting the number of points over branch points in Y in the diagram (j2.9p it is 
easily seen that Si : X C'"-' is injective, taking into account that g* is injective. 
Hence we may consider the points of X as points of the symmetric product C^"^. 
In other words, we denote the points of X hy x = xi + ■ ■ • + Xn with Xi S C. 

The curve X admits an involution a, induced by the involution ' defined by the 
double covering tt, namely 

cr{xi + • • • + Xn) = x[ + ■ ■ ■ + x'j^. 

Note that for n > 3 the involution cr is fixed-point free. Hence, denoting X' = Xja 
and by P(A", X') the corresponding Prym variety, we have 

(3.3) dimP(X,X') = -^^^^ ~ = 2"-^|£),| +2"-*|I)i| +2"-i(5(r) - 1). 

3.2. For any x = xi + ■ • - ^-Xn G X and any subset A C {1, . . . , n} we denoted xa = 
X^i^A + SiGA^'i- particular, x = x^. In ii2.13l we defined a correspondence 
D on X and we saw that it is given by equation (|2.8[) . In particular we have for 
a; = a;0, 

= E|i3|=2 a;s + 2 E|s|=3 Vin- l)a;{i,._„} 

This implies degD — 2"~^(n — 2) + 1. Moreover D is of exponent q = 2"~^ (see 
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Lemma 3.3. The correspondence D commutes with a: aD — Da. 

Proof. Note first that for all subsets B C {1, . . . ,n} we have a{xB) — x-^, where 
B = {l,...,n}\B. Hence 

Da{xA) - D{x^) = M + |C| - 2|:4 n C| - l)xc 

Setting C = B and noting that |A| + |S| - 2|]4 n B| = \A\ + \B\-2\AC^B\, we have 

Da(xA) = + |S| - 2|3 n B| - l)x^ 

= T.BM\A\ + \B\-2\Af^B\-l)x^ 
= crD{xA). 

□ 

Lemma 3.4. For any a; = .Tg G X , 

{D-l){x + a{x)) = {n-2)rf{x). 
Proof. Writing E = {1, . . . , n} we have using Lemma |3.3[ 
{D - l){x + a{x)) = a{Dxii) - X0) + {Dxtn - ^li) 

^ cr(E|i3|>2(l-S| - 1)2^5 - Xq) + E|S|>2(I^I - 1)2^5 - 
= E|B|>2(I^I - 1)2^5 - + E|B|>2(I^I " '^)^B - 

= EbcA\B\ - 1)xb + Ebcj:(\B\ " ^)xb 
= in-2)j:s^^XB = in-2)f*fix) 

□ 

As in ii2.13l consider A = Ker{Nmf : JX JY)'^, the connected component 
of the kernel of the norm map of /. If J G End{JX) denotes the endomorphism 
induced by the correspondence D, we defined the Prym-Tyurin variety associated 
to D by 

PiX,5) = {1-S)A. 

Lemma |3 . 31 implies that D induces an endomorphism of the Prym variety P{X, X'), 
also denoted bt 6. Using this notation we have 

Proposition 3.5. P(X,S) and P{X,X') are related as follows: 

(i) P{X,S)CP{X,X'), 

(ii) Fix, 6) ^ {6 -1)P{X,X'). 

Proof, (i) follows immediately from Lemma 13.41 For the proof of (ii) note first 
that P{X,X') C A, since Nmf{x — a{x)) = for every x € X. Moreover, JX = 
P{X,X') + n*JX'. Intersecting with A gives 

A = P{X, X') + {n*JX' n A)°. 

On the other hand, P{X, 6) = {S — 1)A by definition. Hence it suffices to check 
that {S - l)((7r* JX' n Af) = 0. 

But t:*JX' n ^ {a' + cr(a') | a' G JX', Nmf{a' + cr(a')) = 0} and we have 
Nmf{a' + o-(a')) = 2iVm/(a'). This implies, using Lemma [3.31 and the proof of 
Lemma 13.41 

2{D - l)(a' + cr(a')) = 2{n - 2)f*Nmf{a') = 0. 
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Hence ((5 — 1 ) (tt* JX' n A) consists of torsion points, which implies ((5 — 1 ) ( (tt* JX' n 
Af) = 0. □ 

3.6. We need a construction due to Donagi (cf. [Dlj ). Consider again the spinor 
weight LOn- The subgroup W{Dn) C W{Bn) = W \s oi index 2 and one has a 
sphtting (cf. (|2Jl) ) 

(3.4) WoJn = {Aa| 1^1 is even} U {A^l \A\ is odd}. 

The subgroup W{Dn) acts transitively on the two subsets on the right. We notice 
that the latter subsets are the orbits of two fundamental weights of the root system 
of type Dm namely the dominant weights associated to the two semispinor repre- 
sentations of the Lie algebra so{2n). In the situation of Sj2J3]the monodromy map 
of the covering / : X ^ F is 7ri(y \ D, yo) W{Bn) ^ S'(VKw„). Let 

G = TO(7ri(y\D,yo)) 
be the monodromy group. The splitting (|3.4p yields a decomposition 

f -.X -^Y. 

Here h is of degree 2 and its monodromy map is the composition of m with 
W{Bn) 5*2. The latter is obtained from W{Bn) acting on the two subsets of 

(EH). 

If G C W{Dn), then F is a disjoint union Y = Yi U Y2 oi two copies of Y 
and respectively X = Xi U X2- If G ^ W{Dn), then Y is irreducible and the 
monodromy group oi g : X Y equals G n W{Dn)- 

If p : G — > G' — ^ y is a simply ramified i?„-covering then, calculating the action 
of the reflections on Wujn, we see that h -.Y ^ Y is ramified in S)s and g : X ^ Y 
is ramified in h^^{'Di). The Prym variety P{Y, Y) is of dimension 

(3.5) dimP(f,r) = ^+g(r)^l. 

Using the correspondence G Div{X x G) of i i2.14l and the commutative diagram 
(|2.9p we may give another interpretation of the map g : X ^ Y . Two points 
X — xi + ■ ■ ■ + Xn and x = + • • • + a;„ of X are called equivalent, denoted 
a; ~ i, if and only if f{x) — f{x) and the points Xi and Xi of G differ by an even 
number of changes. Then Y is the quotient of X modulo this equivalence relation 
and g : X ^ Y is the map associating to any x ~ X([, ^ X the equivalence class 
{xA I 1^1 even}. 

For n even, the involution a respects the equivalence relation and / factorizes 
as follows 

X ^ X' ^Y ^Y. 

For n odd, the involution a exchanges the equivalence classes and we have instead 
a commutative diagram 

X — ^ Y 



X' > Y 

Let T -.Y ^Y denote the involution associated to the covering h. Then g{a{x)) = 
T(g{x)) implies that g induces a homomorphism of Prym varieties Nmg : P{X, X') — 

p(f,y). 
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Lemma 3.7. Nrug : P{X, X') — > P{Y, Y) is the zero map for n even and surjective 
for n odd. 

Proof. For even n we have g{x(^) — g{a{xqj)) for any x = X0 G which impUes the 
assertion. The surjectivity for odd n is obvious. □ 

Proposition 3.8. For any odd integer n > 3, 

(i) PiX,d) CK := Ker{P(X,X') ^ P{Y,Y)f. 

(ii) g*P{Y, Y) c{S + 2"-^ - l)P{X, X') 

Proof, (i) For any x = xid G X we have D{x(d) = J2k=2^\A\=ki^ ~ ^)^A, which 
impHes 

n n 

gp(x0)-X0) = [ ^ Y^ik-l)]g{x^) + [J2 ^ (fc - l)M.g(a;0)) 

k=o \A\^k k=o \A\^k 

k even k odd 

Define 

n n 

fc=o \A\=k k=o \A\=k 

k even k odd 

and note that the equahty is an immediate consequence of the well known binomial 
identities ELo(-l)'(fc) = and ELo(-l)'^(fc) = «■ We get 

g{D{x^) - x^n) = M{g(x^) + rg(a;0)) 
and thus for all o G JX 

g{5{a) - a) = M[Nmg{a) + riVTOg(a)] = Mh*Nmf{a). 

Now recall that P{X,5) = {5 ~ I) A. So any b G P{X,5) is of the form b = 
{5 - l)(a) with Nmf{a) = 0. This implies Nmg{b) = Mh*Nmf{a) = and thus 
the assertion. 

(ii) Ifz G Y, then g*{z~T{z)) g*{z)-a{g*{z)). This shows that .g*(P(y, F)) C 
P(X,X'). 

Let JX — V/A,JY = W/r, and let V^,W^ be the anti-invariant subspaces 
of a and t respectively. Since Ejx = — ( , )x and E jy ~ — ( , )y, we have by 
the projection formula, E jY(g*v,w) — Ejx{v, g*w) for any w G F and w G W^. 
So, g*(VF) is orthogonal to Ker{g^ : V ^ W). We saw that g*{W~) C . By 
Proposition 13. 51 fi) and Part (i) one has (1 — 5)V~ C V~ r\Ker{g,,). The subspace 
{5 + q — 1)V^^, with q = 2"~^, is the orthogonal complement of (1 — 6)V~ with 
respect to E-= = \{Ejx\v-)- Therefore g*{W~) C ((5 + 2"-i - 1)^", which proves 
(ii). □ 

Remark 3.9. We notice that the assumption p : C ^ y is a simple J5„-covering, 
which we made for simplicity at the beginning of this section, was essentially used 
only in i j3.ll for calculating various dimensions using the Hurwitz formula. The 
constructions and the proofs of the statements in ii iJ3.2ffS?51 hold under the more 
general assumption that p : C — > K is an arbitrary _B„-covering, in particular 
the nonsingular curves C and X might be reducible. Indeed the proofs of the 
statements are based on identities between various correspondences. One verifies 
these identities on the generic fibers oi p : C ^ Y and / : X — > F, as done in the 
text above, then taking closures obtains the identities on the whole curves. 
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4. Dual Abelian varieties and the spinor weight 

4.1. We first recall some material from |BL1| (see also |BL2I . Section 14.4 and 
[K3] . §3.4). Let (F, L) be a polarized Abelian variety, P = V/A, let E : A x 
A — > Z be the Riemann form and let (rfi, . . . , dp) be the polarization type of L. 
One has V = Ar := A (g)^ M as M-vector spaces. Let / : Ar — > Ar, — —id 
be the operator defining the complex structure of V. The dual Abelian variety 
P is isomorphic to -ffomR(AR,R)/_ffomz(A, Z) where the complex structure on 
iJorriR (Ar, M) is defined by the unique operator J such that {Juj, Iv) = {co,v). The 
canonical homomorphism ip^ : P P is given by the C-linear map ip : Ar 
-ffomR(AR,R), where (p{v) = E{v, -). Let A* be the dual lattice of A, i.e. 

A* ^{ve V\E{v, A) G Z for VA e A}. 

Then p induces an isomorphism V/A* P. The dual polarization Lg on P is 
given by the unique Riemann form E such that p* E — didpE. So, the pair (P, Lg) 
is isomorphic to {V/A*,didpE). 

If (71, ... , 7p, 7p+i, . . . , 72p) is a symplectic basis of A, E{'ji,jp+j) = Si^di, then 

^-Tp^'^'---'-h^'-'^Tp^^---h'^ 

is a symplectic basis of A* with respect to didpE. So, the polarization type of E is 

didp didp 

-1 1 ■ • • 1 -1 : ■ • ■ I 

«J9-1 "p-i+l 

Let {A — V/A, 9) be a principally polarized Abelian variety. Let 5 : A ^ A 
be an endomorphism, which is symmetric with respect to the Rosati involution 
of {A,Q) and satisfies the equation {S — 1){S — q + 1) = for some q > 2. Let 
P = (1 — 5) A. Let E be the Riemann form of 8 and let Ep be the Riemann 
form of the restricted polarization 0|p. The next proposition is a generalization 
to arbitrary polarizations of some material well known in the case of principal 
polarizations (see [BM| . Section 7 and |K2| . Proposition 2.4). 

Proposition 4.2. Let {Z = Vz/Az, 0) be a polarized Abelian variety with polariza- 
tion type {di, . . . , dp) and let Eg be its Riemann form. Let f : A Z be a surjective 
homomorphism which satisfies 

(4.1) Ee{f{a),fm^E{il-~S){a),P) 
forya,P £ A. 

Then ji — p>'^ o f : Z ^ A transforms Z onto P , f\p : P ^ Z and 11 : Z ^ P 
are isogenics, and 

ii*Ep - -^Ee. 
didp 

Furtermore fj, : Z ^ P is an isomorphism if and only if f : A ^ Az is surjective. 

Proof. One has P — V^ /A n V^ , where V~ is the eigenspace oi S : V ^ V with 
eigenvalue I — q. Let (p — f : V ^ Vz- Define -.Vz ^ V hy 

EC<p{x),w)=Ez{x,(j){w)) 

for all X £ Vz and w E V. This is a C-linear map which induces 'PQ^°f°^e '. Z ^ A. 

Claim. The following properties hold: 
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(a) *0 : F — > Vz is injective, 

(b) *(j)0(f)^l-6, 

(c) 0o5= 

(d) (/) o = g • id. 

Indeed, ^(2^) = iff £^(^(2;), w) = for G F. Since £;(*^(x), w) = Ezix, (j){w)) 
and : y — > Vz is epimorphic by hypothesis, one obtains x = 0. One has 

o (l>{v),w) = Ee{(l){v), (j){w)) = E{{1 - ^)t>, w) 

for Vu, w G Therefore *0O(^ = l — J. In order to prove (c) it suffices to verify that 
*(/)0(/)0(5 = (1 — (7)*0o0. This follows from (b) and the equation {6 — l){5 + q—l) — 0. 
In order to prove (d) it suffices to verify that 00*000 ~ qcf). This follows from (b) 
and (c). The claim is proved. 

Using (b) and (a) one has that *0 : — > is an isomorphism, so ji : Z ^ P 
is an isogeny. Furthermore Ker = Ker{^(f> o 0) = Ker{\ — 5) = {5 + q — 
Therefore /|p : P ^ Z is an isogeny. One has 

ECcp{x)U{v)) = Ee{x,4> o'4>{y)) = qEe{x,v) 

Since *0 induces ip^^ o f o ipg = fi o ipg we conclude that ipg{fj,*Ep) = q Eg. This 
implies iJ,*Ep = j^Eg (cf. H4.1^ . The last statement follows from the isomorphism 
(cf. [BL2] . Proposition 2.4.3) 

Ker{f ■.Z^A)= Hom{Az / f{A),C*). 

□ 

4.3. Recall that if y ^ F is a double covering of smooth, projective, irreducible 
curves then dim P(y,y) = g{Y) — g{Y) and the restriction of the canonical po- 
larization Q jY on P{Y, Y) has type (2, . . . , 2) if F ^ F is unramified and type 
(1, . . . , 1, 2, . . . , 2) if y ^ y is ramified, where 2 appears g{Y) times and 1 appears 
g{Y) - 2g(y) times (cf. j^, [Mum]). Suppose p : C ^ C" ^ PMs a simply 
ramified i3„-covering with irreducible C. Let J) = S)^ U X)^ be the splitting of the 
discriminant locus as in ij2.1l Let P' = P{C, C) and let Epi be the Riemann form 
of the restriction OjcIp'- Calculating the genera of C and C" by the Hurwitz for- 
mula one obtains that the polarization type (di, . . . , dp) of Qjc\p' is (2, . . . , 2) if 

= or = 2 and (1, . . . , 1, 2, . . . , 2) where 1 appears - 1 times and 2 

appears ^jS^I + 1 — n times. 

4.4. Let P' and Ep' be the dual Abelian variety and the dual polarization. Consider 
the covering f : X ^ oi degree 2" associated with the spinor weight cOn as in 
^2T3l Let P = P{X, 6) be the Prym-Tyurin variety. Here A = JX, P = (1- S)JX 
and q = 2"~-^. The correspondence 5*0 G Div{X x C) constructed in H2. 141 induces 
a homomorphism sq : JX P' = P{C\ C). 

We claim the hypothesis of Proposition l4.2l is satisfied for sq • JX P' , where 
(A,Q) = {JX,Qjx), {Z,6) = {P',Qjc\p')- Abusing notation we wiU write sq 
instead of sq, or instead of the induced homomorphism on homology (so)*, when 
things are clear from the context. 

By Lemma 12.151 sq : JX — > P' is surjective. Furthermore a standard fact is 
that the homomorphisms so : JX JC and *so : JC JX induced by So G 
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Div{X X C) and its transpose 'S'o £ Div{C x X) satisfy the relation 

(a,so(/3))c = Csoia),f3)x 

for Va G Hi{C, Z) and V/3 £ Hi{X, Z). Using Lenima r2.15l one obtains the foUowing 
relation of Riemann forms: 

for Va, (3 G Hi{X, Z). Applying Proposition 14.21 we obtain the following result. 

theorem 4.1. Let p : C ^ C ^ be a Bn-covering. Let f : X ^ , P = 
P{X,S) and sq : JX P' — P{C,C') be as above. Let Ep,Epi be the Riemann 
forms ofQjx\p, BjcIp' respectively and let {di, . . . , dp) be the polarization type of 
Qjc\p' ■ Then the homomorphism ^Pq^osq : P' JX yields an isogeny fi : P' ^ P 
such that 

2?i— 1 

^j.*Ep = -r-r^P'- 
didp 

Conjecture 4.5. Assume p : C C is a simply ramified Bn-covering 

and C is irreducible. Let P' be the dual of the Prym variety P{C,C'). Then the 
homomorphism /j, : P' P{X, 5) is an isomorphism. 

Equivalently, the polarization type of Q jx\p{x,s) (2"^^, . . . , 2"^^) if \Ds\ = 
or ID^I =2 and (2""^ . . . , 2""^ 2""^, . . . , 2"~i) where 2^-'^ appears i|D£| + l-n 
times and 2"^"'^ appears ^|Ss| — 1 times, if \Tls \ > 2. 

The case n = 2 is known to be true and is due to Mumford |Mum| (the case 
\Ds\ = 0), Dalalyan J3aJ (the case \Ds\ = 2) and Pantazis [P^ (the case > 2) 
. We include a simple proof in Proposition 15.21 We give a proof in the case 
7i = 3,|£)s|>0in Theorem 15. II below. The case of etale tt : C ^ C" is verified in 
the next proposition. Conjecture 14.51 remains open for simple _B„-coverings of 
with n > 4 (cf. Remark [2^2]) . 

Proposition 4.6. Let p : C C — ^ P^ be a simply ramified Bn-covering with 

irreducible C . Assume it : C ^ C is etale. Let / : X — > P^ be the covering of 

degree 2" associated with the spinor weight. Then Q .jx\p{x.S) has polarization type 
(2"-2,...,2"-2)^ 

Proof. By Corollary 12.91 the monodromy group of p : C ^ is W{Dn). Hence 

X — Xq U Xi, where Xq — > P-'^ and Xi — > P^ are coverings of degree 2"^^ which 

correspond to the two semispinor weights of the root system of type Z?„ (cf. i j3.6p . 

One has JX = JXq x JXi. Let P = P{X,S). The restriction of sq : JXq x JXi 

P{C, C) on JXq and JXi is studied in Section 8.6 of |K2| . where correspondences 

on Xi of exponent 2"~^ and associated endomorphisms Si : JXi — ^ JXi are defined. 

Let P' — P{C, C). /^From the polarized isomorphism of P' with the Prym-Tyurin 

varieties P(Xo,(5o) and P{Xi,6i) proved there (see |K2j . Proposition 8.6.14 and 

Theorem 6.4(iii)), it follows that (so|jCi)* : H\{JXi,'L) Hi{P',Z) is surjective 

for i = or i = 1. Applying Theorem 14.11 and Proposition 14.21 we conclude that 

/i : P' ^ P is an isomorphism and fJ-*Ep = ^ ^ Epi. Therefore Ep has type 
(2"-^...,2"-2)^ □ 
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5. Coverings with monodromy group contained in W{R), with 

rank{R) < 3 

5.1. Bigonal construction, W = W{B2) |DTl|Pg. Let W = W{R) where R 
is of type -62 • Consider the two fundamental weights uji and 102- We are in the 
situation of §2.11 and §2.131 Let p : C C — ^ y be a simple i?2-covering 
with irreducible C. Equivalently, degTr = degg — 2, Dg — g{Discr{C ~> C")) and 
Di = Discr[C' Y) are nonempty, and n = 0. 

Let f : X he the covering of degree 4 associated with L02 ■ The monodromy 
group of p : C ^ y is W{B2), so X is irreducible. Let a : X ^ X he the 

involution defined in ^i.W and lei J : X X' Y he the corresponding 
decomposition of /. Calculating the action of the reflections on Wuj2 one verifies 
that Discr{X' — > F) = and g'{Discr{X — > X')) = Dg. Here the isogenous 
Prym-Tyurin varieties are the ordinary Prym varieties P{C,C') and P{X,X'). 

Proposition 5.2. 

(i) The polarization types of &jc\p{c',C') md Qjx\p{x.x') are respectively 

(1^_^,2__^,2__^), 

i|S),|-l 2g{Y) 

(1_^,2__^,2__^). 

(ii) IfY = F\ then fi : P{C,C') -> P{X,X') defined in Theorem Ul\ is an 
isomorphism. 



Proof, (i) This follows from the Hurwitz formula (cf. 

(u) Let P = P{X, X') and P' = P{C, C). Let us consider the isogeny : P' ^ 
P from Theorem l4.1l Let Ep and Epi be the Riemann forms of QjxIp and QjcIp' 
respectively. Suppose first that > 2 and \D(\ > 2. By (i) the polarization type 
of Ep is the same as that of Ep'. We have by Theorem 14.11 that ^*Ep = Ep^. 
Therefore /i : P' — » P is a polarized isomorphism. 

Let \Tls\ = 2. Then X' ^ P^,P{X,X') = JX and Ep = Ejx is a principal 
polarization. Here Epi ~ 2Es for a principal polarization S on P' = P(C, C"), Ep' 
has type (2, . . . , 2) and ip of the decomposition 

determines a polarized isomorphism between {P',Es) and {P' , ^Ep'). By Theo- 
rem IH] one has ti*Ejx = \Ep'. Therefore P' ^ P' ^ JX. 

Let \De\ = 2. Then C" = P\ P' = JC and Ep = 2i;H for a principal polarization 
S. Identifying JC with its dual P' we have for /z : JC P the formula fi*Ep = 
2Ejc. Therefore /i is a polarized isomorphism of JC with (P(X, X'), S). □ 

Remark 5.3. The isomorphism P(C, C) = P{X,X') is due to Pantasis [Pa| and 
the isomorphism P{C,C') = JX, when \Ds\ = 2, is due to Dalalyan |Da| . Our 
proof, based on Theorem 14.11 is new and simpler than the original ones. 

5.4. Recillas' construction, W = W^As) = WiD^). Let p : C ^ F be a 

simply ramified covering of degree 4 with irreducible C. Suppose it cannot be 
decomposed through an etale covering C — *• y of degree 2. Then the covering is 
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primitive, so its monodromy group is Si (cf. §2.3|) . Furthermore p* : JY JC 
is injective, A = Ker{Nmp) is connected, and the polarization type of &jc\a is 
(1, . . . , 1,4, . . . ,4) where 4 appear g{Y) times (cf. |BL2] . CoroUary 12.1.5). In 
the set-up of the introduction we have W = S4 = W(R), where R is of type A3 
and X ~ LUi. Replacing A by the second fundamental weight A' = uj2 one obtains 
a covering / : X X' Y, where X is irreducible, tt is etale of degree 
2 and 17 is a simply ramified covering of degree 3. Constructing an appropriate 
correspondence (cf. |K2j . §8.5.3) one easily verifies that X is isomorphic to a curve 
in C^'^\ namely the closure of {x + y £ C^^^jx 7^ y,p{x) — piy)}- This construction, 
when Y = F^, is due to Recillas (Re]. Here we have i — 0,P{C,i) = A and 
Qjc\p{c.i} ti^s polarization type as above, while P{X,S) is the ordinary Prym 
variety P{X,X'), so Qjx\p{x,x') has polarization type (2,..., 2). Summarizing 
one obtains the following statement, due to Recillas when Y = F^ jRel . 

Proposition 5.5. Let p : C ^ Y he a simply ramified covering of degree 4 with 
irreducible C , which cannot he decomposed through an etale covering of degree 2. 
Let f : X — ^ X' — ^ Y be the associated covering of degree 6 obtained by the 
Recillas construction. Then A = Ker{Nmp : JC — » JY) and P{X,X') are isoge- 
nous Abelian varieties and the polarization types of Qjc\a and Qjx\p(x,x') ^'^e 
respectively 

(1,...,1,4,...,4), 

9iY) 

(2,. ..,2,2. ..,2) 

IfY ^ P^, then J{C) and P{X,X') are isomorphic as principally polarized Abelian 
varieties. 

5.6. Replacing A = by A' = UJ3 one obtains a covering f : X ^ Y which is 
equivalent to p : C —> Y, since —id is T/F(A3)-equivariant and transforms uji to 
0J3. Hence there is a polarized isomorphism between {A, Qjc\a) and {A' , Qjx\a'), 
where A' = Ker{Nmf : JX JY). 

Inverting Recillas' construction one covers the case W = W{D3), X — cui, X' — UJ2 
or A' = wa where wi, W2, are the fundamental weights of a root system of type 

5.7. The next case we consider is W — W{R), where R is of type B3, X — oji 

and A' — lu^ (cf. Section (2). Let p : C C y be a simple B3-covering. 
Since degp' — 3, so p' : C ~^ Y is primitive, the simplicity of the covering p is 
equivalent to the condition that p : C Y is a simply ramified i^s-covering and 
both TT : C ^ C and p' : C ^ Y are ramified. Let f : X ^ Y he the covering 
of degree 8 associated with lu^. The curve X is irreducible, since the monodromy 

group of p : C ^ Y is WiBs) by Corollary [HI Let / : X f -^^-^ F be the 
decomposition defined in ij3.6l 

Lemma 5.8. The following equalities hold 

(i) P(X, 6) = Ker{Nmg : P{X, X') P{Y, F))" 

(ii) {5 + 3)P{X,X')=g*P{Y,Y). 

Proof. In Proposition 13.81 we proved inclusions, so it only remains to compare the 
dimensions. We have dim P{X, 5) — dim P(C, C) since these are isogenous Abelian 
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varieties by Proposition 11.101 Using (|3.ip . ()3.3p and (|3.5|) for n = 3 we conclude 
that dimP(X,^) = diniP(X,X') - so (i) holds. 

OnehasP{X,6) = (1-(5)F(X, X') by Proposition[S3](ii). Furthermore P(X, X') = 
(1 - S)P{X,X') + {5 + 3)P{X,X'), and the two Abelian varieties on the right in- 
tersect in a finite number of 4-torsion points. Therefore dim((5 + 3)P(X, X') = 
dim P{Y ,Y). Hence (ii) holds as well. □ 



theorem 5.1. Let p : C ^ C ^ Y be a simple B^-covering. Let f : X ^ Y be 
the covering of degree 8 associated with the spinor weight and let P{X, S) be the 
Prym-Tyurin variety. Then the polarization types of Q,jc\p(c,c') '"^'^ ^Jx\p{x.s) 
are respectively 

(5.1) ,2^_^) 

i|S)«|+23(y)-2 g{Y) 

(5.2) ( 

i|£)f|+2g(y)-2 g{Y) 

LfY = P^, then Conjecture \4-5\ holds: P{X,5) is isomorphic to the dual of P(C, C). 

Proof. By [SI] one has g{C') = + 2,g{Y) - 2, so follows from the weU 

known fact about ordinary Prym varieties (cf. ii4.3p . By ij3.6l the covering g : 
X Y of degree 4 is simply branched in h^^[Di) and has monodromy group 
WlD'i) ~ 54. Therefore g cannot be decomposed through an etale covering of F, 
so g* : JY — s- JX is injective. We have a commutative diagram 

JX ( ^' JY 

(5.3) 

P{X,a) ^ P{Y,Y) 

The restriction Bjy|p^y y) ^yP^ (1, ■ ■ ■ , 1, 2, . . . , 2) where 1 appears ^|Ss| — 1 
times and 2 appears giY) times. The pull-back of Qjx by g* is 48 jy. The 
involution a : X X \s fixed point free, so Qjx\p(x,X') = 2S for a prin- 
cipal polarization S. Using (|5.3p . the fact that 5* is injective and the equality 
{5 + i)P{X,X') = g*P{Y,Y) of Lemma [EH] we conclude that '^\{5+3)p{x,X') has 
polarization type (2, . . . , 2, 4, . . . , 4) where 2 appears ^ | — 1 times and 4 appears 
g{Y) times. 

Recall that a polarization L on an Abelian variety B determines '■ B ^ B 
and K{L) := Ker{ipL). If {A,Q) is a principally polarized Abelian variety with a 
Prym-Tyurin endomorphism S and if B = (S + q — 1)^, P = (1 — (^) A, then B and 
P are a pair of complementary Abelian subvarieties of A. Hence the finite groups 
K{Q\b) and K{Q\p) are isomorphic according to 'BL2], Corollary 12.1.5. Applying 
this to {A,Q) — {P{X, X'),'E,) we conclude that the polarization of S|p(x.(5) is 
(1, . . . , 1, 2, . . . , 2, 4, . . . , 4) where the lengths of the sequences (2, . . . , 2), (4, . . . , 4) 
and (!,...,!) are respectively ^\Ds\-l,g{Y) and dimP(X, S)-dim{d+3)P{X, X'). 
The latter number equals dimP{X,5) - P{Y,Y) = + 2g{Y) - 2. Since 

'djx\p{x,X') = 2!B we obtain, restricting on P{X, 6) the polarization type of ([57 
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Let Y = Pi. Let P = P{X,S) and P' = P{C,C'). One has \De\ > 4 since 
p' : C ^ is a triple covering, simply ramified in Di. By hypothesis tt : C ^ C 
is ramified, so |!Ds| > 2. 

Suppose first > 2 and ID^] > 4. By Theorem liH we have i-i*Ep — 2Epi. 
By (jS.ip and (|5.2[) . applied with g{Y) = 0, the polarization types of Ep and 2Epr 
are the same. Therefore fi : P' ^ P is an isomorphism. 

Let 123^1 = 2. Then f = P\ P = P(X,X'), and Ep = 2£;h for some principal 
polarization S on P. Since tt : C — > C" is ramified in two points we have Ep' = 
2Es' for some principal polarization S' of P' = P{C,C'). By Theorem 14.11 we 
have fi*Ep — Ep>. Therefore ij.*Eb. = E-e' and we have polarized isomorphisms 
(P(C,C'),i?H') - (P(C, C"),^hO = {P[X,X'),Ee). 

Let I = 4. Then C ^ P^ and P' = P(C, C") = JC. Here P C P{X, X') and 
i^P = AE-B, for a principal polarization S, according to (|5.2p . By Theorem 14.11 we 
have fJ,*Ep = AEjc- Identifying JC with its dual we obtain a polarized isomor- 
phism {JC, ejc) = (P(x, s),E). □ 

The polarized isomorphism P{C,C') = P(X, X') is a particular case of the 
tetragonal construction of Donagi. The limit case \Di\ — 4 yields a new calss of 
principally polarized Prym-Tyurin varieties. 

Corollary 5.9. Let tt : C ^ be a hypereliptic curve. Let p' : C ^ ^ 

be a simple triple covering, so that p : C C P^ is a simply ramified 

B^-covering (cf. ^2.1\) . Let / : X — > P^ be the associated covering of degree 8 
( cf. ^2.1!^) . and let 6 : JX — > JX be the associated Prym- Tyurin endomorphism, 
satisfying {6 — 1){6 + 3) = 0. Then the Prym-Tyurin variety P{X,d) = (1 — S)JX 
has a principal polarization S with the property that Qjx\p(x s) = 4S. Furthermore 
{P{X,S),E) = {JC,Qjc). 

Remark 5.10. We notice that in this example the correspondence D £ Div{XxX) 
has 8 fixed points, two ones in each of the fibers f~^{y) where y belongs to the 
branch locus of p' : P^ P^. The equality 'djx\p{x.S} = 4S cannot be deduced 
from Ortega's criterion jOrj . since this criterion requires the existence of 4 fixed 
points pi,. . . ,p4 oi D which satisfy pi,...,pk £ D{pk) and pk ^ D{pk) - Pk for 
A; = 1, . . . , 4. Hence these 4 points have to belong to a single fiber oi f : X ^ P^, 
which is not the case in Corollarv l5.9l 

5.11. We studied in § § 5 . Tl - fOOl simple Ps-coverings. Let us consider another class 

of simply ramified Pa-coverings. Namely, let p : C C Y be with unramified 
TT and let p have monodromy group W{D3) (cf. Corollarv l2.8p . Since W{D3) has 
two orbits when acting on Wlos, namely {AaIacvgii and {Xa}a odd, the covering 
f : X ^ Y splits into disjoint union 

f:X,UX2^Y. 

Let fi = f\xi- The canonical involution a : X ^ X associated with —id : W0J3 — > 
Wu!3 transforms isomorphically Xi and X2 into each other, li x € Xi we have 

(5.4) D{x) = f:(Mx))-x + 2a{x) 

Let ip : Z ^ Y he a, fixed covering of degree 4 equivalent to any of fi : Xi ^ 
y, i = 1, 2. The covering ip : Z ^ Y is simply ramified with monodromy group 
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WiDs) = Sa- We have JX = JXi x JX2 = JZ x JZ. Let 

B = Ker{Nm^ : JZ ^ JY). 

Identifying A with the kernel of the homoniorphisni JZ x JZ JY given by 
(a, b) I— > f{a) + <y3(6) we see that under the map ip x ip the variety A maps onto the 
antidiagonal 

A-{JY X JY) {(A, -A)|A 6 JY}. 
One obtains an exact sequence 

— > B X B — > A — > JY — >0 

Lemma 5.12. The Prym-Tyurin variety P{X, S) = {l^d)A equals the antidiagonal 
ofBxB, P{X,S) = A-{B X B). 

Proof. If (A, fi) e B X B, then ([52]) yields (1 - S){\, fi) = 2(A - ^, - A), so 

(5.5) (1 - (5)A(B X B) = 0, (1 - 6)A- {B x B) ^ A- {B x B) 

Let us apply the results of Section [3] to the type of coverings we consider (see 
Remark IX^ . Here F = F U F, the covering g : X ^ Y is (p U ip : Z U Z Y UY , 
P{X,X') = A-{JZ X JZ), PiY,Y) = A-{JY x JY). One has the canonical 
decomposition JZ = (p*{JY) + B, so 

A-{JZ X JZ) {ip* X ip*)A-{JY X JY) + A-{Bx B) 

By Proposition 13. 81 (ii) one has 

{ip* X ip*)A-{JY X JY) c ((5 + S)A-{JZ x JZ) 

so (1 — 5) annihilates this Abelian subvariety. By Proposition 13.51 (ii) one has 
P{X,6) = {l-5)A-{JZxJZ), sousing (EH) we obtain P(X, ^) ^ A-{BxB). □ 

Proposition 5.13. Let p : C C" Y he a simply ramified B^-covering with 
unramified it and monodromy group WlD^). Let f : X Y be the associated 
covering of degree 8. Then the polarization type of Q jx\p(x,5) is (2, . . . , 2, 8, . . . , 8) 
where 8 appears g{Y) times. 

Proof. Let Eb be the Riemann form of Qjx\b- Since Lp : Z —^Y is primitive, the 
polarization type of Eb is (1, . . . , 1, 4, . . . , 4) where 4 appears giY) times (cf. §5.4p . 
By Lemma 15.121 P{X, 6) — P C B x B is the antidiagonal, so denoting by the 
universal covering, we have Ep = (pIEb +^2-^5)!^ and for every u = {x,—x) G 
B X B and every v = {y, ~y) ^ B x B we have 

Ep{u,v) = (pIEb +P2EB){x,-x;y,-y) = 2EB{x,y) 

Therefore the polarization type of Ep is (2, . . . , 2, 8, . . . , 8). □ 

6. Rank(R) = 4 

6.1. The case W — W{B4). Let p : C ^ C" F be a simple i34-covering and 
let / : X ^ F the covering of degree 16 associated with the spinor weight u^. The 
curve X is irreducible, since the monodromy group of the covering p is W{B4) by 
CoroUarv 12.81 The involution ' on C induces an involution a on the curve X (see 
§3.ip . Denote X' := X/a. We cannot say much about the induced polarizations on 
Prym-Tyurin varieties involved. However we can say something about the relations 
between these varieties. 
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For i = 0, . . . , 3 define a correspondence Di of X by 

A(a;0) = ^ XB- 

\B\=i+l 

Proposition 6.2. If St denotes the endomorphism of JX associated to Di, we have 

P[X,6) = (<5o + 2)P(X,X'). 

Proof. For any x = 2:0 G X we fiave 

{D -l){x- a{x)) = 2(D2 - Dq){x) + Aa{x) - 4x. 

NowD2(a;) = Do(cr(a;)) implies {D -l)[x - a{x)) ^ 2{Do + 2)[a{x) ~ x). kccoiding 
to Proposition 13. Sr ii) this gives tlie assertion. □ 

According to Proposition I3.5r i). P{X,5) is an abelian subvariety of the Prym 
variety P{X, X'). Hence we can speak about its complementary variety with respect 
to the polarization. 

Proposition 6.3. The complementary abelian subvariety of P{X, 5) in P{X,X') 
is given by 

{5 + 7)P{X, X') = {60 - 2)P{X, X'). 

Proof. According to Propositions IS.Sf ii) and 11.61 the complementary abelian sub- 
variety is given by {5 + 7)P(X, X'). From the proof of Proposition 16. 21 we see that 
{D + 7)(x — cf{x)) = 2{Do — 2)((t(x) — x). This implies the last assertion. □ 

Let p : X ^ X' denote the double covering associated to the involution a. The 
next proposition describes the endomorphism [Sq + 2){So — 2) on p*JX'. 

Proposition 6.4. For any a; = .xg G X , 

{Do + 2){Do - 2)ix + a{x)) = AD,{x). 
In particular {5o + 2){So - 2){p*{JX')) = Si{JX). 
Proof. For any x = G A", (Dq — 2)(x) — X]|s|=i — 2x and hence 

{Do + 2){Do - 2){x) =4x0 + 2 ^ xs - 2 ^ xs + 2 ^ xjj - 4x0 

\B\=2 \B\ = 1 \B\ = 1 

= 2Di{x). 

Similarly we get {Dq + 2){Dq — 2)(o'(x)) ~ 2Di{x). Adding both equations gives 
the assertion. □ 

6.5. The case W = W{D4). Let p : C ^ C ^ Y denote a simply ramified 
-B4-covering with tt unramified. Suppose moreover that p has monodromy group 
W{D4) (cf. Corollarv l2.8p . We notice that this condition is automatically satisfied 
if F = by Corollarv l2.9l When g(Y) > 1 the monodromy group might be W{Bn) 
or conjugated to Nw{b„){Gi) (see Remark [2TT0]), cases which we do not consider in 
the present paper. As in ijS.lll the curve X, associated to the spinor weight UJ4, is 
the disjoint union of two smooth irreducible curves X = Xi\J X2. For i = 1 and 2 
the map fi := f\Xi : ^ F is an 8 : 1 covering. Using the notation of above, we 
have for any x = xg G X, /f \/(x)) = {xb}\b\ even and f2^{f{x)) = {xb}ib| odd- 
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Hence the involution a : X ^ X induced by the involution ' on C restricts to 
involutions ai = a\Xi : Xi ^ Xi for i = 1 and 2. They induce factorizations of /i, 
namely 

h-.X,^ X[ ^ Y. 

The map Xi X[ ~ Xijai is an etale double covering, since a and thus the 
involution gi are fixed-point free. The map X[ — > y is a 4:1 covering, simply 
ramified exactly over the \D\\ ramification points oi p : C Y . This implies 
g[X[) = + 4g(y) - 3 = g{G') and hence 

dimP(X,,X,') = + 4.g(y) - 4 = dim P(C, C). 

Consider the correspondence D on X defined in i i2.13l 

Lemma 6.6. For any y gY and i — I and 2 we have 

D{f:{y))^8r{y) + f:{y). 

Proof. We prove this only for i = 1, the proof being the same for i = 2. Let 
X = xiD = pi + ■ ■ ■ + p4 & X with fi{x) = y. Moreover let E = {1, 2, 3, 4} and all 
sets B are subsets of E. Then fl{y) = a; + X]|b|=2 + xy. and hence 

Dft{y)= D{x)+Y.\b\=2D{xb)+D{xy) 
= E|i3|=2 2;s +2E|i3|=3^s +3a;s 

+6x0 + 6a;s + '^Y.\b\=2 + 2(3X^151=1 ^b + E|B|=3a;B) 

+ T.\B\=2^B +2X;|B| = ia^S +3X0 

= 9x0 + 9xE + 9X]|B|=2 2^s +8X]|B|=ia;s +8X]|B|=3a;B 
= 8/*(y) + /i*(2/). 

□ 

Consider the abelian variety A = ker{Nmf : JX JY) and for i — 1 and 2 de- 
fine = ker{Nmf^ : JX, JY). Then Bi x B2 and Q = {(/r(m), -/Km)) | m e 
jy} are abelian subvarieties of A and it is easy to see that A = Bi x B2 + Q. 

Proposition 6.7. Denoting by S also the restriction to A of the endomorphism 
defined by D, we have {5 — 1)Q = and Q <Z {6 + 1)A in concordance with q ~ 8. 

Proof. For any divisor c of degree on y we have 

{d - l)(A*(c), -/2*(c)) = {D- I) flic) -{D- l)fiic) 

= 8f* (c) + A* (c) - A* (c) - 8/* (c) - A* (c) + /I (c) 
= 0. 

This proves the first assertion. According to Lemma [6T6l {D — l)(/i (j/)) = 8f*{y). 
This implies {D + 7){fl{y)) = 8f*{y) + 8/r(2/) and similarly {D + 7)(-/2*(2/)) = 
-8r(y)-8/2*(y). Hence (D + 7)if*iy),-fi{y)) = 8{f*{y),-fi{y)) which implies 
the second assertion. □ 
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